We consider integrable quantum spin chains with competing interactions. We apply the quantum transfer matrix approach to these spin chains. This allowed us to derive a set of non-linear integral equations for the thermodynamics of these spin chains. We provide numerical solution of these integral equations for the entropy as function of magnetic field, temperature and the coupling constant. This allow us to assess, at low but finite temperature, the picture describing the ground state diagram for high spin chain and longer range interchain interactions. *
Introduction
Integrable one-dimensional spin chains have been widely studied over the last decades [1, 2] . These studies have provided important information about universal properties of the models, such as universality classes and critical exponents, which are usually obtained by finite size scaling analysis. Moreover, the description of the thermodynamical properties of many integrable models was also obtained. This can be done by the thermodynamical Bethe ansatz (TBA) [3] [4] [5] and the quantum transfer matrix approach (QTM) [6] [7] [8] [9] .
Over the years, the quantum transfer matrix approach has been shown successful in the precise description of thermodynamical properties of many models with nearest-neighbor interactions in the whole range of temperature and magnetic field [9] [10] [11] [12] [13] [14] . This is mainly due to the fact that in this approach the thermodynamical quantities depend on the explicit solution of a finite number of non-linear integral equations (NLIE). This is in sharp contrast with the TBA approach, where one would have to deal with an infinite number of non-linear integral equations. Therefore one would have to employ some approximated truncation scheme.
Nevertheless, the QTM approach has not been fully exploited in order to describe the thermodynamics of spin chains with competing interactions.
There are only a few results for spin-1/2 chains with different types of competing interactions [15] [16] [17] .
These integrable quantum spin chains with competing interactions can be constructed by adding higher-order conserved charges, provided by the logarithmic derivatives of the associated transfer matrix, to the nearest-neighbor Hamiltonian [19] [20] [21] . Alternatively, one can obtain Hamiltonians with differ-ent competing interaction terms from the logarithmic derivative of staggered transfer matrices [22] [23] [24] .
Our aim is to apply the QTM approach to the integrable high-spin chain with competing interaction generated by an arbitrary number of staggering parameters. This provides us a finite set of non-linear integral equations to the thermodynamics. As an application of these results, we study the cases of high-spin chain with nearest and next-nearest-neighbor interactions (which can be viewed as a coupled two-chain) in terms of the interchain coupling parameter. We also consider spin chains with longer interactions (or longer interchain interactions). In order to exemplify, we solve the nonlinear integral equations to a few cases.
The paper is organized in the following way. First we introduce in Section 2, the quantum transfer matrix approach and its application to the general situation of staggering transfer matrices. Then in Section 3, we discuss the derivation of a finite set of non-linear integral equation to the thermodynamics of coupled multiple-chain. In Section 4, we present our numerical findings for explicit values of the spins s and M. Finally, we summarize our results in Section 5.
QTM for staggering transfer matrices
In the quantum transfer matrix approach, the main goal is the computation of the partition function of some integrable Hamiltonian, Z = Tr e −βH , in the thermodynamical limit. This allows us to obtain all the thermodynamical quantities of interest.
More specifically, here we are interested in the thermodynamics of integrable Hamiltonians with competing interactions. These generalized Hamiltonians are obtained from the logarithmic derivative of transfer matrices with staggering spectral parameter.
In general, one can construct transfer matrices with an arbitrary number M of staggering parameters in terms of an ordered product of many local
Boltzmann weights L Ai (λ, ν k ), such that
where λ and ν i are the the horizontal and vertical spectral parameters. These weights can be seen as matrices acting on the horizontal space A, also called 
thanks to the Yang-Baxter equation
An important class of solutions of the Yang-Baxter equation (3) is the one which presents the following symmetry properties:
Unitarity:
Time reversal:
where P 12 is the permutation operator and t k denotes the transposition on the k-th space.
The commutativity property (2) and the properties (4-5) ensure that we have a family local integrable Hamiltonians. Therefore, one can take logarithmic derivative of the transfer matrix at the regular points λ = ν j = iω j , which results in M different local Hamiltonians given by
whose sum
is also an integrable Hamiltonian. For later convenience, we are going to introduce M trivially related trans-
One can prove the following relations between the transfer matrices,
where we have introduced the notation,
and P is the momentum which governs the shift j → j + 1. Once we have found one of the above Hamiltonians, say H 1 ( ω), we can obtain the others using relation (9). Therefore, the Hamiltonian H( ω) can also be obtained as follows,
This implies that
where t(0) plays the role of a right multiple-step shift operator. Now, one can introduce an adjoint transfer matrixt(λ) given bȳ
Using the properties (5-6), one can see that the logarithmic derivative of the transfer matrix (14) results in the same Hamiltonian (11) andt (0) is the left multiple-step shift operator. This implies that t(0)t(0) = Id and
The relations (13) and (16) allow us to perform the Trotter-Suzuki decomposition, which reads,
In doing so, the partition function can be mapped in a specific classical vertex model, whose rows alternates between t(λ) andt(λ). We can try to compute this partition function in many different ways. However, it turns out to be convenient to write this partition function in terms of the column-to-column transfer matrix [7, 9] , which is called quantum transfer matrix,
where we have introduced a new spectral parameter which guarantees the commutativity property of the quantum transfer matrix [
The partition function can be written in terms of the quantum transfer matrix (18) as follows
This allow us to express the free-energy in terms of the largest eigenvalue
max (x) of the quantum transfer matrix
3 Spin-s chains with competing interactions and NLIE
In the previous section, we discussed the application of the quantum transfer matrix approach to the case of generic Hamiltonian with competing interaction. This Hamiltonian was derived from the transfer matrix with staggering spectral parameter. Now, we are going to treat the specific case of high-spin chain with competing interaction. In order to do that, we consider the spin-s
where
andP l is the projector onto the SU(2) l subspace. The projector operator is given by
are the SU(2) generators.
For this case, we can give an explicit expression of the Hamiltonian (11).
For the case M = 2 and spin-1/2, we have the following quantum spin chain
where θ = ω 2 − ω 1 . This chain can be viewed as a two-chain spin model with zigzag interchain interaction [15] .
A more general Hamiltonian can be written for M = 3 and spin-1/2
where θ 1 = ω 2 − ω 1 and θ 2 = ω 3 − ω 1 . The functions ξ k,i have the periodicity property ξ k,i+3 = ξ k,i and their explicit forms are given in appendix A. This chain can be viewed as a three-chain with multiple interchain interactions.
Alternatively, one can also exemplify the spin-1 chain for M = 2, which reads
Now, the quantum transfer matrix (18) for the case of spin-s L-operator
Similarly to the fusion of Loperators, the quantum transfer matrix t (k) (x) is also obtained from the fusion hierarchy
(x+ω j −iτ −is)(x+ω j +iτ +is) (x+ω j −iτ +is)(x+ω j +iτ −is)
and k is labeling the spin sitting on the auxiliary space.
Other set of functional relations can be obtained from the fusion hierarchy (27) . For later convenience, we introduce the T -system of functional relations [27] , which follows
χ(x + ij) and Y -system
, · · · .
Due to the commutativity property of the transfer matrices, these functional relations also hold for the eigenvalues of the quantum transfer matrix.
The eigenvalues can be obtained either by iteration of the functional relations or by the algebraic Bethe ansatz [28, 29] . Its explicit expression is given
and the associated Bethe ansatz equation reads
Note that as usual, we have introduced the magnetic field as a trivial modification of the periodic boundary conditions [7] .
According to (21) , the description of the thermodynamics is determined by the largest eigenvalue of the quantum transfer matrix in the Trotter limit (N → ∞). In order to take this limit, one has to encode the Bethe ansatz roots associated to the largest eigenvalues inside certain auxiliary functions and exploit its analyticity properties.
These auxiliary functions for high-spin chain are usually taken as the Y -functions [13, 14] . Therefore, the first 2s − 1 functions are given by
and the last two functions are given by
where the λ In addition to that, the Eqs. (36-37) imply that B(x) =
. As a consequence of the T -system (28), the product of these two functions coincides with one of the Y -function, such that
. This provides us with the exact truncation of the Y -system of functional equations (29) .
The analyticity properties of the auxiliary functions allow us to apply the Fourier transform of the logarithmic derivative of the auxiliary functions.
Therefore, due to the exact truncation of the system of functional equations, we obtain a closed set of algebraic relations in the Fourier space,
where the kernelK(k) is a (2s + 1) × (2s + 1) matrix given bŷ
Now, we can take the limit N → ∞ directly,
The inverse Fourier transform has been applied to (38) followed by an integration over x, resulting in
and the symbol * denotes the convolution
f (x − y)g(y)dy. The integration constants ±βH/2 were determined in the asymptotic limit |x| → ∞.
The kernel matrix is given explicitly by
and
The free-energy can be written in terms of the auxiliary function as follows, 
Numerical results
As an application of the above results, we present the numerical findings for the entropy at finite temperature as function of the magnetic field and the coupling constants (θ i ).
We have solved the above non-linear integral equations numerically. This is usually done by iteration and it allows for accurate results of the thermodynamical properties at finite temperature and magnetic field. 
Conclusion
In this paper we manage to apply the quantum transfer matrix approach to the general case of quantum spin chain with competing interaction. We considered the existence of M staggering parameters which provides quantum spin chain with interaction of range up to M + 1. We obtained a finite set of non-linear integral equations for the thermodynamical of the highspin chains. Therefore, our general construction allowed us to generalize the thermodynamical description of Hamiltonians with competing interactions to the case of higher spin chains and longer range interactions.
Besides that, we have solved these non-linear integral equation numerically to the cases M = 2 and s = 1/2, 1, 3/2, 2. We also presented results for M = 3, 4 and s = 1/2 at finite temperature. This allow us to obtain a good picture about the ground state phase diagram of these spin chains.
We usually have a ferromagnetic phase with gapped excitations and another regime with gapless antiferromagnetic phases.
We expect that our results could be extended to quantum spin chains of different symmetries, e.g SU (3) In this appendix we define explicitly the Hamiltonian coefficients for M = 3 and spin-1/2 given in (25) .
ξ 0,2 = − 3 + 2θ 
